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ON HYPERCOMPLEX NUMBER SYSTEMS* 
(FIRST PAPER) 

BY 
HENRY TABER 

Introductio7i. 

The method invented by Benjamin PeirceI for treating the problem to 
determine all hypercomplex number systems (or algebras) in a given number of 
units depends chiefly, first, upon the classification of hypercomplex number sys- 
tems into idempotent number systems, containing one or more idempotent num- 
bers, ^ and non-idempotent number systems containing no idempotent number ; 
and, second, upon the regularization of idempotent number systems, that is, the 
classification of each of the units of such a system with respect to one of the 
idempotent numbers of the system. 

For the purpose of such classification and regularization the following theorems 
are required : 

Theoeem L§ In any given hypercom'plex number system there is an idem- 
potent number (that is, a number / =|= such that I^ = I), or every number 
of the system is niljjotent. \\ 

Theorem II.^ In any hypercomplex number system containing an idem- 
potent number I, the units e^, e^, • • • , e,^ can be so selected that, with reference 

* Presented to the Society February 27, 1904. Received for publication February 27, 1904, 
and September 6, 1904. 

t American Journal of Mathematics, vol. 4 (1881), p. 97. This work, entitled 
Linear Associative Algebra, was published in lithograph in 1870. For an estimate of Peiece's 
work and for its relation to the work of Study, Schkffees, and others, see articles by H. E. 
Hawkks in the American Journal of Mathematics, vol. 24 (1902), p. 87, and these 
Transactions, vol. 3 (1902), p. 312. The latter paper is referred to below when reference is 
made to Hawkks' work. 

X If the hypercomplex number ^ + and A' = A, Peirce terms A "idempotent," loc. cit., 
p. 104. Seep. 512 below. 

? Peirce, loc. cit., p. 113 ; Hawkbs, loc. cit., p. 321. 

II If, for some positive integer m, A'" = 0, Peirce terms the hypercomplex number A "nil- 
potent," loc. cit., p. 104 ; see also p. 512 below. 

II Peirce, loc. cit., p. 109 ; Hawkks, loc. cit., p. 314. 
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to I (termed the basis), they shall fall into one or other of four groups as 
follows : 

1st group: Ie^= e^ = e^I (i= 1, 2, •■■,«') , 

Id group: /e; = e^,e^/=0 (» = »'+ 1, m' + 2, •••, ?»"), 

2>d group: Ie^=0,e.I=e. (« = »" + !, m" + 2, ■■•, m'"), 

4:th group: Ie.= = e.I {i = n"' + 1, n'" + 2, ■ ■ ■, n). 

When so selected the units ej , e^ , • • • , e^ of the number system are said to be 
regular with respect to /.* The units e^, e^, ■ • •, e^, of the first group form a 
subsystem by themselves to which the idempotent number / belongs and of 
which / is the modulus ; and / may, therefore, be chosen as one of the units of 
the first group. 

Theorem III. | The basis or idempotent number I may be so chosen that 
there shall be no other idempotent number in the first group. 

Theorem IV. \ In an idempotent number system § lohose units are regular 
with respect to the basis or idempotent number I, chosen as one of the units, 
the remaining units of the first group can be taken to be nilpotent, || and will 
then constitute a non-idempotent system by themselves, provided the first group 
contains no second idempotent number. 

Of these theorems requisite for the establishment of Peirce's method, his 
proofs of theorems I and IV are invalid. In a recent paper, cited above, by H. 
E. Hawkes, in these Transactions, he has fully established this chain of 
theorems, and thus, finally, placed Peirce's valuable method on a rigorous basis. 
But, whereas Peirce's methods are purely algebraic and involve only elemen- 
tary considerations, Hawkes has recourse to the theory of transformation groups 
in establishing theorem IV, thus introducing conceptions unnecessary for the 
establishment of Peirce's theory and foreign to his methods. In the paper 
referred to, Hawkes has contributed a very valuable extension of Peirce's 
method in the conception of the regularization of all the units of a non-nilpotent 
number system with respect to each of certain idempotent numbers chosen as 
units.^ 

The object of this paper at the outset was to establish Peirce's method ivith- 

* Hawkes, loc. cit., p. 316. 

tPKiRCK, loc. cit., p. 113; Hawkbs, loc. cit., p. 316. 

t Pbirce, loc. cit., p. 117, 118 ; Hawkes, loc. cit., p. 322. This theorem may be expressed, 
otherwise, as follows. In a number system e, , e^, • ■ • , e„ with modulus e„ but no other idem- 
potent number, the units e-^, e^, • • • , ««— i can be taken to be nilpotent and will then constitute 
by themselves a nilpotent system. 

§ See p. 509 ; also p. 512. 

II See note p. 509 ; also p. 512. 

IiHawkes, loc. cit., p. 317 ; see also p. 512 below. 
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out recourse to the theory of groujis. Employing methods purely algebraic, I 
give a proof of theorem I, which is, I think, somewhat simpler than that given 
by Hawkes ; and I establish theorem IV by the extension to number systems 
in general of the scalar function of quaternions ; — an extension suggested by 
my previous extension of the scalar function to matrices of any order,* and by C. 
S. Peirce's theorem that any number system can be represented by a matrix, f 
The results of this paper in its original form were given at the February 
meeting of the American Mathematical Society of the current year ; and the 
paper was to appear in the July number of these Transactions. But the 
employment of algebraic methods only, suggested to the editors an extension of 
the scope of the paper to the consideration of what may be designated as num- 
ber systems with respect to a domain R of rationality, namely, the considerar 
tion of the totality of numbers 

n 

y\a.e. 

1=1 

of a number system e^, e^, • • • , e^ , where the a's are rational in the domain H 
of rationality of a given aggregate of real or ordinary complex numbers includ- 
ing the constants of multiplication of the system, — all transformations of the 
system being rational in i? ^ . At their request I have revised the paper from 
this point of view ; and I give generalizations of all of Peirce's theorems with 
reference to a domain of rationality. § These results constitute a step towards 
the enumeration of the types of number systems to which all number systems 
in a given number of units are reducible by transformations rational in a 
given domain. I find that the conceptions on which Peirce's method is based 
are applicable to this problem. In a subsequent paper I shall give further 
results leading to a resolution of this problem. 

*See Proceedings of the London Mathematical Society, vol. 22 (1891), p. 67, 
where I have applied this extension of the scalar function to a problem of Sylvester's. 

f See Encyclopiidie der Mathematischen Wissenschaften, vol. 1, p. 170, where 
this theorem is ascribed to Er>. Wkyb, though reference is made to C. S. Peirce's prior statement 
of the theorem in another form. It was established by C. S. Peieoe in 1870 for certain of the 
number systems given in Benjamin Peirce's Linear Associative Algebra, and enunciated 
as probably true for number systems in general. See Memoirs of the American Acad- 
emy of Arts and Sciences, new series, vol. 9 (1870), p. 363; also Johns Hopkins Uni- 
versity Circulars, no. 22 (1883), p. 87. C. S. Pbiece gave a demonstration of the general 
theorem in the Proceedings of the American Academy of Arts and Sciences, vol. 
10 (1875), p. 392, and subsequently in the American Journal of Mathematics, vol.4 
(1881), p. 221. 

In the development of the theory of the scalar function given below I have not employed C. 
S. Peirce's theorem, or the conception of a number system as represented by a matrix. See p. 
514 below. 

X The arbitrary domain of rationality is not necessarily composed of real or ordinary complex 
numbers, e. g., the Galois iields are not. The Editors. 

§ In its original form, this paper treated a special case of such systems : namely, that for 
which the constants of multiplication of the system were real and B included every real scalar, 
— the case of real hypercomplex number systems. 
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The nomenclature employed by Peirce will be foUowecl, in general, in this 
paper. Thus the first factor A in any product AS is termed the Jacient, the 
second factor B , the faciend : * 

if AB = ^ = BA , ^ is an idemfactor with respect to B ; 
ii AB = A , A is, idemfacient with respect to B ; 
if BA = ^ , ^ is idemfaciend with respect to B ; 
if ^B = = BA , ^ is a nilf actor with respect to B ; 
if ^5 = , ^ is nilfacient with respect to B ; 
if BA = , ^ is nilfaciend with respect to B ; 
ii A =^ 0, and A^ = A, A is idempotent ; 
if A"' = for some positive integer m , ^ is nilpotent ; f 
and a number system which contains no idempotent number is a nilpotent 
system. \ 

A number system which contains one or more idempotent numbers is an 
idempotent system. § 

The units of an idempotent system are regular with respect to the idempo- 
tent number /of the system when so chosen that each falls into one or other of 
Peirce' s four groups, mentioned above, p. 510, with respect to /. § 

A hypercomplex number A , satisfying the conditions fulfilled by the units of 
the ^th group (1 ^ ^ = 4 ) with respect to the idempotent number /, is said to 
belong to the ^th group with respect to I. 

If A belongs to the h-th group with respect to /, it is linear in the units of 
that group, and conversely. || In particular, /belongs to the first group, and 
may be taken as one of the units of that group. 

Following Hamilton, the term scalar will be employed to denote a real or 
ordinary complex number.^ If A is any given hypercomplex number, I shall 
designate by the term polynomial in A the hypercomplex number 

c^A + c^A^+ ... + c^^p 

linear (with scalar coefficients) in positive integral powers of A . For any given 
number A of the system, there is at least one linear relation between the first 
re -f 1 power of A , and, therefore, a smallest integer m ^ w + 1 for which 
A, A^t • • -, ^"' are linearly related. This linear relation, 



* These terras were suggested by Hamilton, who employs the terms "factor" and "faciend" 
to denote A and B respectively, Lectures on Quaternions, p. 38. 

t Pkiecb, loc. cit., p. 103-104. 

X Peiecb, loc. cit., p. 115. 

§ Hawkes, loc. cit., pp. 314, 316. 

II Peirce, loo. cit., p. 110. If IA = A = AI, A belongs to the first group with respect to/; 
it IA = A, AI=0, A belongs to the second group with respect to I ; etc. For the group of the 
non zero product of any two numbers or units belonging to the various groups, see Peirce, loo. 
cit., p. Ill, and Hawkes, loo. cit., p. 316. 

^ Lectures on Quaternions, pp. 58, 664. 
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a{A)^ A-+p,A-~^ + ... + p^_,A^ + p^_,A = 0, 
I shall term the fundamental equation of A. Let 

f{A) = ±c^A^ (c> + 0) 

be any polynomial in^: iff(A) = 0, then p = m and 






foi' any scalar \ ; conversely, if 



/(\)^Xc,x«n(x), 

2=0 

thenf{A) = 0. 

The constants of multiplication of the units e^^, e^, • ■ -, e^ oi the number 
system will be denoted by 7 ..j. for i,j,h=l,2,---n, and thus 

^i <^j = %>•! «i + %j2 «2 + • • • + yijn «,. ; 

and the domain of rationality of the constants y.jj^ will be denoted by JR{y^^). 
The coefficients p^, p^, ■■ •p^_^ of the fundamental equation 0(^)= of 
the hypercomplex number A = a^e^-\- ■ • ■ + a^e^ are rational functions of 
Qij, Oj, • • • «„ for the domain i?(7^.j) , being rational functions, for the domain 
-Z? ( 1 ) , of flj , a^ , • • • , a^ and of the constants 7^..^. of multiplication of the system. 
Let R' denote the domain of rationality of any given aggregate of scalars. 
The totality of hypercomplex numbers 

n 

t=i 

for all possible sets of scalars Oj, a^, • • •, a^ rational in i?', will be said to consti- 
tute the hypercomplex domain K(j5'; e^, e^, •••, ej); and any such number 
A will be said to helong io K(5' ; e^, e^, • • •, e,J. If p is any scalar rational 
in H', and hath A and B helong to'&{R' ; e^ , e^, • ■ ■ , e^),so also does pA and 
A -j- B ; moreover, AB belongs to this domain p>rovided R' contains i?(7..j.), 
but, in general, not otherwise. Therefore, \i c^, c^, ■ • "5 ^p ^''^ rational in R' and 
A belongs to K ( 5' ; e, , 63, • ■ • , e^J , the polynomial 

p 

f/=i 

belongs to this domain if R' contains R(j^.j^). 

Let new units e[, e'^, •• •, e'^ be introduced by the linear transformation T, 
and let 7;.^ denote the constants of multiplication of the new system. Then, 

Trans. Am. Math. Soc. 34 
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if T is rational in R\ the new units e[, e^, •••, e^ belong to K 
(-B'y Cj, e^, • • • , e^), and conversely ; 

if T is rational in R' , the hypercomplex domains K(^'/ e,, e^, •••, e^) 
and K. {R' ; e[, e'^, • • •, e^) are identical, and conversely ;* 

if T is rational in R', aiid R' contains R{^..^), it also contains R(^y'..^).-f 

§ 1. The scalar function of a hypercomplex number. 
Let 

n 

A = y^g.e. 

be any number of the given hypercomplex number system e^ , e^ , • • • , e^ . I 
shall employ 8 A , in designation the scalar of -4 , to denote that function of the 
coefficients a and the constants 7^..,^ of multiplication of the system J defined as 
follows : § 

1 / n n n \ 

^^) ^^ = n( ''i ^'^W + ""^^"^^JJ + • • • + «„i:7,„J . 

Whence, if p is any scalar, || and 

n 

B=T,b.e. 

i=l 

is any second number of the system, it follows that 

(2) SpA = pSA, 

* In order that T shall he rational in B' it is only necessary that R ( iJ' ; e^, e^, f„ ) shall con- 
tain Hi {B' ; e[, e'2, •■•, e'„). 

t In particular B' may be identical with B ( yijk ) , in which case, if T is rational in B ( yyt ) , 
this domain contains B ( fyi, ) ; hut, unless the coefficients of T are rational in B{1), Biyljt) is, 
in general, not identical with B ( yyi, ). Thus, if 



'■<::)■ '■<:)■ 



«i , ^2 constitute a number system, and B ( yyt ) contains V '<i ; and, thus, the transformation 

<=^---:. < = ^. 

is rationalin iJ(y,;,t). But the constants of multiplication of the new system are rational in 
-B ( 1 ) ; and, therefore, B ( j-L ) is not identical with B ( y..^. ) . 
J See p. 513 above. 

^ If tt = 4, and €1, «2i ^'si ^t are the quaternion units, this definition accords with the custom- 
ary definition of the scalar function. Thus, if e, = 1 and e, , e^, e^ constitute a system of mutu- 
ally normal vectors, we have 

7«,-=l, yijj = (j = l,2,3;j = l,2,3,4) 

and thus 

4 

1=1 
by the above definition. 

II See p. 512 above. 
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(3) S{A + B)= 6'A + SB. 
In particular, 

(4) SA = a, /Se, + a.^Se^+ • • • + a^ 8e^ . 
Moreover, if 



*=1 



VffWe. 
is a modulus of the system, in which case 

n 

^ af e.e. = ee,. = e^ {j=l,2, ••-,»), 

we have 

and therefore 

(5) 8e = 1. 

Let ^' denote the domain of rationality of any given aggregation of scalars 
that includes the constants 7..^ of multiplication of the system. If A belongs 
to K (-ffi'; gj, fij, •• •, e^),* 8 A is rational in R'. In particular, let S' include 
every real scalar, and let ^j, e^, • • •, e^ be the units of a real hypercomplex 
number system f in which case the constants 7..j. of multiplication of the system 
are real : then, if ul is a number of the system, in which case ctj , a^ , • • • , a^ are 
real, 8 A is real. 

By definition 

1 n n n n 



(6) 

But, since 
we have 



"I n n n n 

SBA = ^Y. Z Z E«/i7^-,7M.- 

" i=l j=l *=1 A=l 

e.^j ■ e^ = «.■ • «i«A (*.i. A = l, 3, ■ ■ •, n), 



(6') ll^ijk^m=ll^m^jkk {i,j,h,l = l,2,---,n); 

therefore, 

i w w w n 

(7) '^^i? = „Z Z Z Z«.^.7,.7.,„ 

« i~l j^l k—1 A=l 



1 "• , '"' ^ w 

= ,tZ Z Z Z«i^,7«7 



'/'•«: 



1 ^ 



n Ji n 



= r-Z Z Z Z«,-*i7itt7,M* 



* See p. 513 above. 

t See note p. 511 above. 

i By Interchange of i and J, and of fc and h. 
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i n w n n 
'* i=l ^-=1 i=l ft=l 

Let now e[, e'^, • • • , e^ be any second system of units of the number system 
obtained from e^ , e^ , • • • , e„ by the transformation T of non-zero determinant 
defined as follows : 

(8) 
and let 

(9) 
Let 



< = '^ii«i + •^««2+ ••• + '^.-„«„ (i = l, 2, ■••,»); 

<ej = 'y^i^ + y'ij2'^2 + ■■■+ 7y„e„ (ni=l, 2, ••-,») . 



then 



&;e; + 6;e; + • • • + Z»;.e; = h^e, + 62^2 + h &„e„; 



«* = '^u«l + •^2i«2 + • • • + T„,<, 

^k^'^nK +'^2**2+ ••• + '^„A,^n' 

that is, in Catlet's abbi*eviated notation * 

(a^, a,, • ■ • aj = ( r|ja; , «;, • • • <), 

where T is the matrix 



(fc = l, 2, ••■,»), 



-u 


■^21 • 


• ^nl 


-^,2 


•^22 • 


• ^„2 


Jm 


^2. • 


• ^„» 



Finally, let 

/3;e; + /3;e; + .-- + ^;e;=(a;e;+a;e; + — i-<e;,)(^;< + ^2e2 + ---+^l<)» 

^i^i + ^2«2 + • • • + /3„e„= (flie^ + a^e^ + . . . + a„ej(6,ej + 62^2+ • ■ • + 6„eJ. 
Then 






(^;,/3;,...,^:) = 



Z«i7;u E«i7;2i •■• z«;7;„i 

i=l i=l 

Z<7n2 Z«;7i22 ••• S<7™2 

i=l i=l i— 1 

S«i7-i„ Z«i7,-2« ••• Z)«i7.„„ 



(^;'^2' •••'^n)' 



*i(fcmoiV (m Matrices, Philosophical Transactions, vol. 148 (1858), p. 17. 
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(^„/3„...,/3„) = 



Z«i7„2 L«i%-22 ••• Z«i7M 

1=1 i = l i==:l 

n n n 



(^'^2' •••'^n); 



moreover, 

and, therefore. 

Wherefore, 

WW n 

Z<7-u Z«-7i2i ••• Z«-7Li 

n n n 

Z«-7-,2 E«;-7;22 ••• T.Ky'ini 



Za-7;i„ Z«i7k ••• Z«W-„ 



(10) 



= T~ 



i=l i=l 

n n 

E«i7.l2 Z«i7.-22 



Z«i7„i 

Z«<7.„2 



T. 



Ea,-7ii„ Z«i7.-2„ ••• E«<7,„ 

Whence it follows that the characteristic equations of these two matrices are 
identical, that is, 

n n n 1 

^-HaWm -E«-7-2i ■■■ -Z«i7;„i | 

n w n 

(11) -Z«i7u2 ^-x;«;7;22 ••■ -Z<7; 



\_ i=I 4=1 i=l 
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n n n 

i=l i=l 1=1 

n n n 

(11) = -Z«,-7n2 >--Z«i7,-22 ■■■ -Z«<7 



Therefore, in particular, 

(12) 



-ZaXi„ -Z«i7.-2, 



i~l ^'=1 i=l ?=1 



Z«i7.-, 



and, thus, SA is an invariant to any transformation of the units of the number 
system. 
Let 

n 

1=1 
be any idempotent number* of the system e^, e^, • • •, e^; and, let 

(13) e<'' = 7e„ ef=e,-Ie, (i = l, 2, .••, «). 
We have 

Ie'P=re. = Ie.= e^P, 

(14) ^^^^ :r r, :^ ^ « (f=l, 2, ■••,«). 



Thus, for 1 =i = n, the numbers e^", ef^ are, respectively, idemfaciend and 
nilfaciend f with respect to /. Further, any number linear in the numbers e^'' is 
idemfaciend with respect to /, and any number linear in the numbers e'-P is nil- 
faciend with respect to /. Since 



(15). 



e. = e^" + e'? 



-,(2) 



(i = l, 2. 



every number of the system can be expressed linearly in the 2n numbers of (13). 
Let w, of the numbers e'-P, as e^P, e^, • • -, e^„'^ be independent ; and let Wg of the 
numbers ef , as ef\ e'-^\ • ■ •, e'^ be independent. Then since, for ^ = 1,2 and 
i = 1 , 2 , • • • , n, each of the numbers e'?' (and, therefore, any n independent 
numbers of the system) can be expressed in terms of the above n^ + n^ hypercom- 
plex numbers, and the latter are independent,^ we have Wj+ n^=.n. We may now 

* See p. 512 above. 
tSee p. 512 above. 
X For, it cWeW -f • • • + cWe'^) + cf )e(/) +••.-[- c^l^^ = 0, then 

eCDea) + . . . + e^eO) = J( e«),a) + . . . + eW^i) + tfef 4- • • ■ -F e(?^)e(^^)) = ; 
and, therefore, t^P = --- = cP = cf ' = • • • = e'^) = 0. 
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show that any number idemfaclend with respect to / is linear in eV\ 4'\ • • • i ^V ' 
whence it follows that / is expressible in these hypercomplex numbers. Further, 
that any number nilfaciend to / is linear in ef\ ef^, ■ ■ ■, 4^^. It may be that 
w^ = ; but Wj = 1 . For n^ is the number of independent hypercomplex num- 
bers in the aggregate le^ for i=l,2,---,7i; and the n numbers of this aggre- 
gate cannot all be zero, that is, w^ =j= , otherwise, 

n n 

I=r=IJ2 af e. = S «?^ A = ^ • 

Of the numbers e'^P, n^ — 1 are independent of /. Let e^^\ e'-^\ ■ ■ ■, e'„j'_i be 
independent of /. Then the n hypercomplex numbers /, e'P (*= 1 , 2 , • • • n^— 1) , 
and e'-p {i=.l, 2, ■ ■ ■, n^) are independent. Let 

(16) <+i = ef (< = l,2,-.-,»i-l), 

e;+, = e?' (i = l, 2, ••■.»,); 

and let 7^.^^ denote the constants of multiplication of this new system of units, 
so that 

Since 

(17) 

we have 

(18) 

and, therefore, since SI is invariant to any transformation of the units of the 
system. 

If /belongs toE.(Ii' ; e^, e^, • ■ ■, e^), then, since each of the original system 
of units belongs to this domain, it foUows that each of the hyper-complex num- 
bers e'!''> , for ^ = 1 , 2 and t = 1 , 2 , •■-,%, belongs to E ( ^' ; e^ , e^ , • ■ • , e^ ) . * 
Therefore, if / belongs to K( J?' ; Cj, e^, • • •, e^), ?ij = nSI is the number of 
independent hypercomplex numbers belonging to E(i?' ; e^, e^, ■ ■ ■, e^) which 
are idemfaciend to /; and n^ = n[l — ST) is the number of independent hyper- 
complex numbers belonging to iEl(^' ; e^, e^, ■■ ■, e^) which are nilfaciend to /. 

Let iV^ be any nilpotent f number, other than zero, of the system e^, e^, • • • , e^ . 

* See p. 513 above, 
t See p. 513 above. 









e[e'j = e'^ 


(i = i,2, •• 


•) »i). 


e[e; = 


(J=:«i + l>«i + 2, • 


■-,»), 


7;^=i 


{j = l,2,-- 


•. «i). 


<« = o 


(i = ni + l,«i-F2, •■ 


•■> «); 
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Thus, let iVr"'-^ =^ and iV"*" = . For any positive integer p <^m, there is at 
least one number of the system, as iV"'-'' , to which iV^^' , but no lower power of 
N, is nilfaeient ;* and any such number is independent of the numbers to which 
W is nilfaeient for q <2>? since, if iV« is nilfaeient to A.^, A^, etc., it is nil- 
faeient to any number linear in A^, A^, etc. If for 1 <^ = m, iV^^, but no 
lower power of N, is nilfaeient to ^^ , A'^, etc., and if these hypercomplex num- 
bers are independent of each other and of all hypercomplex numbers to which 
N'' is nilfaeient for q<ip, we then cannot have 

N'"{c,A[ + c,A',+ ...)^(i, 

for p' <.p, unless the c's are all zero; otherwise, there is a linear relation 
between the ^"s and the hypercomplex numbers to which JV^p' is nilfaeient. 
Let the system contain just n^ = 1 independent numbers, as 

Am Ad) ... A (I) 

to which iV^ is nilfaeient. Then, if JVB = , we have 

B = T,c.A(P. 

^ 3 3 

If m > 2 , let the system contain just n^^ 1 numbers, as 

to which N"^ is nilfaeient, but N is not nilfaeient, and which are independent, 
moreover, of each other and the J.^'^'sf (and, therefore, of numbers to which N 
is nilfaeient). Then, if NB =1= , and N^B = , we have 



n\ ^2 



j=l 3 = 1 

where the c's with index 2 are not all zero. If m > 3 , let the system contain 
just ji^= 1 numbers, as 

A(S) 4(3) .. J(3) 

to which iV^' , but no lower power of iV^, is nilfaeient, and which are independent 
moreover, of each other and of the ^^'''s and A'-^^'s (and, therefore, of numbers 
to which N^ is nilfaeient). Then, as before, if JV^B =|= 0, JV^B = 0, we have 

ni 7^2 W3 

B=J^ c('M(.') + E cf ^f + £ cf ^f , 

3=i 3=1 3=1 

* See p. 512 above. 

t By this I meim, not only that the ^'^''s are independent of each other, and, severally of the 
4<i"s, but that, if 

W] no 

3=1 3=1 

the coefficients c are then all zero. 
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where the c's with mdex 3 are not all zero. Etc., etc. Finally, let the system 
contain just «^_, numbers, as 

/((m-l) /J(m_l) /((m-l) 

-^1 ) -^2 ' ' "m-1 ' 

to which i\r'"-' , but no lower power of iV^, is nilfacient, and which are indepen- 
dent, moreover, of each other and of the j4<^'^'s, ^^^''s, ■ • • , ^^""^''s (and, there- 
fore, of numbers to which iV"*""^ is nilfacient). Then, if N"'-'^B =^ , 
iV^-'-B = , we have 






"'1 "Z "'rti—X 



where the c's with index m — 1 are not all zero. We may take N as one of the 
j^cm-i) . j.jjyg Yet J.^™"^' = N. Let now the system contain just w„ S num- 
bers, as 

independant of each other and of the J.<^'''s, J.^2)'g etc., and J.('"-'^'s (and, there- 
fore, of numbers to which N'^-'^ is nilfacient). Then if iV"""^ -B =|= , we have 

i=i 3=1 i=i 

where the c's with index m are not all zero. By definition, 

(20) WAf = (i = l,3,. ..,«,); 

and, by what precedes, for 1 < p ^ m , 

j=i i=i j=i 

since iV^~^ is nilfacient to ]^A{''\* Moreover, every number of the system 
Cj, Cj, •••) e^ is linear in the J.^'^'s, ^'^^'s, •••, ^"^""^'s, since with respect to 

*Let 1 <[p = »»- Since, by supposition, the A'-''>'a are independent of each other and of all 
numbers to which A*"—' is nilfacient we cannot have 

unless the c's are all zero. Therefore, 

N^-^ ( Cj NA\''^ + Cj NAf'> H [- e„^ NAi^J ) + , 

unless the c's are all zero, that is, the numbers iV^?*" ( t == 1 , 2 , • • ■ , n ) are independent of each 
other and of all numbers to which N''-' is nilfacient ; moreover, 

N"-'- ■NA'.'''' = N''Ai''^ = (1 = 1,2 K,) 

But, by supposition, there are but %,_i numbers to which iV»-' is nilfacient, and which are inde- 
pendent of each other and of all numbers to which N^"' is nilfacient. Therefore, iip^np—i. 
Whence it follows that we may put NA^i^ — A'."-^^ ( i = 1, 3, • • •, Mp ). 



< 


= ^'l? 


(» = 1,2, • 


••, »i). 


^ni+i 


= Af 


(i = l,2, • 


• •. "2), 


^ni+n^+ . 


..+M„-1 + J — -^i 


(»• = !, 2, •■ 


-,»-). 
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every number B of the system either JV^'^S 4= ^ ' *^'" ^^^ = ^ for 1 =p <.m. 
Therefore, new units e[, e'^, ■ • • , e^ may be introduced by the transformation, 



(22) 



Since 

(23) iV^=^t-'' = <+».+ ... +»^., 

if y'..^, denote the constants of multiplication of the new units, we have, by (20) 
and'(21), 

(24) jL,+n,+ ...n„.^JJ=^ (i = l, 2, •••,«). 

Therefore, since SA is invariant to any transformation of the units of the sys- 
tem, 

n 

(25) sii= SAZ::'= ^<+^+...+«„_,=Z7;+».+...+»„_.^= 0. 

That is, the scalar function of any nilpotent number A of the system is equal 
to zero. But if A is nilpotent, so also are JV^, JV^, etc. Therefore, if iV^is nil- 
potent, SJV'' = for any positive integer p . 

Let the number system contain n independent numbers, ^,, A^, •■•, A^^, 
such that 

SA^=SA, = SA^ = 0. 

For any number A of the system, we have 

A = c^A^ + c,A,+ ■.■ + c^A,^, 

and, therefore, by (2) and (3), 

JSA = c^SA^ + c^SA,+ ■ . ■ + c^SA^= . 

In this case the system is nilpotent ; * that is, contains no idempotent number, 
since, if /is idempotent, SI^ 0. In particular, if 



that is, if 






the system is nilpotent. 

These results may be summarized in the following theorem : 

Theorem (1). Let 

n 

A = y\a.e. 



* See p. 512 above. 
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he any number of the hypercomplex numher system Cj, e^, • • •, e^y let R' denote 
any scalar domain of rationality including Ji^y^.,^);* and let 

1 ^ w 

SA = ~f\y:a.j.... 
n't.j^, ' ^^« 

Then SA is invariant to any transformation of the units of the system ; and, 
if p is any scalar and B is any second number of the system, 

SpA = pSA , 

8{A + B)= SA+ SB, 

SAB = SB A . 

If e is a modulus of the system, /Se = 1 . If A belongs to'^ {li' ; e^, e^, ■ ■ ■ e^) , 
SA is rational in R' ; and if, moreover, A is idempotent, nSA =j= is the 
number of independent hypercomplex numbers of the system, belonging to 
E(^'/ Cj, e^, •••, e^y, that are idemfaciend to A, and w(l — SA) = is 
the number of independent hypercomplex numbers of the system, belonging to 
lB.(Ii'; Cj, e^, • • ■), that are nilfaciend to A. If the system contains any n 
independent numbers A^, A^, • • •, A^ such that 

SA^= SA^ SA^ = 0, 

in particular; if 

Se^= Se^= ■■■= Se^=0, 

the system is nilpotent. Finally, if A is nilpotent, SA^ = for any positive 
integer p ; and, therefore, if the system contains n independent nilpotent num- 
bers A^, A^, ■ ■ -, A^, in particular, if each of the units e^, e^, ■ • •, e^is nilpo- 
tent, the system is nilpotent. 

Let the fundamental equation of ^ f be 

il{A) = A-- -\- p^A'--' -\- . . . + p^_^A = . 

By the aid of this equation we can express A^ for p = m linearly in 
A , A^, • • • , A""'^ , and consequently, any polynomial in ^ J linearly in the first 
m—1 powers of A . Therefore, by (2) and (3), if the fundamental equation of 
A is of order m and 

SA = SA''=--- = SA''-' = , 



the scalar of any polynomial 
in A is equal to zero. 



T,%^' 






*See p. 513 above. 
t See p. 513 above. 
t See p. 512 above. 
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§ 2. The idempotent number l(^A). 

Let A be any number of the hypercomplex number system e^, e^, • • • , e^; 

and let 

(26) £1{A) s A- +p^A-' +... +p^_,A'+p_,A = 

be the fundamental equation of A . Either 

and A'^ = , or the roots of the equation 

(27) ft(X)sX"*+^,X«-'+...+jo_,X^+^_,X=0 

are not all zero. Let A"" =j= ; and let zero be a root of multiplicity p <^m 
of equation (27). Let the distinct roots, other than zero, of this equation 
be Xj , Xj , • • • , X^ , respectively, of multiplicity v^, v^, • • • , v^; and let 
p'i\p2\ ■ • •iP^m-vi with alternate negative and positive sign, denote the simple 
symmetric functions of the I'th powers of the non-zero roots of O(X)=:0, 
X5[ , X^ , • • • , X^ being counted, respectively, i', , i'^ , • • • , v^ times. Then, since 

( x^)— '+> + p^(^ ( X- )""- + . . . + p« ,_, ( X- )^ + p^i_^ (X- ) 

= X"(X'' — xs;)-i(x- — x^)''^ ••• (X- — x;:)"' 

contains fl ( X ) as a factor, it follows that 

^ ^, ^„_,+l ^ ^(,) ( ^, y_,j^ . . . ^ ^W _^_^ ( ^- )^ + XI. ( ^- ) = ,* 

where 

i)L^L. = ±(xrx-...x-)-H=0. 

Let now 

(28) f(^)=3^[(^-)"'-+P«(^0'"--' + ---+X":L-,(^-)]- 

1 m—v 

We then have 

^■-f (^) -A^ = --^ [;(^.)».-.+i +y;)(^^)».-^ + . . . +;e.-i(^'')' 

Therefore, 

(29) ^-f(^) = ^- = f(J.)^-; 

and, thus, for any positive integer p , 

(30) ^-+^f(^) = ^-+^ = t(J.)^-+^. 
In particular, for any positive integer q, 

(31) {A'yi{A) = {A'Y = i{A){A'y; 
and, therefore, 

(32^ l{A)i{A)^i{A). 

* See p. 513 above. 
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The polynomial f(^)=j=0; for, otherwise, by (29) ^" = 0, and, therefore, 
A"^ = , which is contrary to supposition. By (31), the hypercomplex number 
f(^) is a modulus of the number system whose units are the independent 
powers of A" . We have 

,S3) ^ e(x)=i-(^;)"(^)^.(^-^)-, 

in particular, if i' = 1 , 

(33a) f (X) = -1- (X-' +p,X-' + . . ■+p^_,X). 

Fm-l 

Since the coefficients of the polynomial t{A) in A are rational functions of 
P\i P21 ■ ■ ■' Pm-i ^^^ *^® domain ^(1), they are rational functions in the same 
domain oi a^, a^, ■ • ■ , a^ and of the constants 7^..^. of multiplication of the num- 
ber system ; * and, thus, are rational functions oi a^, a^, • • ■, a^va the domain 
^(7..^). Wherefore, if A belongs to E(^'y e,, e^, •••, e^), so also does 
i{A), provided It' includes ^(7;.j.).f In particular, if Cj, e^, • • •, e^^ are the 
units of a real hypercomplex number system, and Jl is a number of this system, 
so also is i{A). 

Let R' include H^y^.^). Each of the units e^, 63, •••e^ belongs to 
E(-iB'; e^, e^, • ■ ■ e^). Therefore, either one, at least, of the units, as e^^, is 
not nUpotent, in which case, if ^ = e^ there is an idempotent number t(A') 
belonging to K(^'; e^, ^2' "■' ^»)' — ^^ ^^^^ ^^ *^® units is nilpotent, in 
which case by theorem (1) the system is nilpotent. 

We have, therefore, the following theorems, of which theorem (3) is theorem 
I of the Introduction. 

Theorem 2. If A = a^e^ + • • ■ -t- a^^e^ is any number of any given hyper- 
complex number system e^, e^, • • • , e^ , either A'^ = , for some positive integer 
m = n + 1, or there is an idempotent polynomial f{A) in A whose coefficients 
are rational functions in the domain H (1) of a^, a^, • • • , a„ and of the con- 
stants <y..j^ of multiplication. 

Theorem 3. In any hypercomplex number system there is an idempotent 
number, or every number of the system is nilpotent. Therefore, in a nilpotent 
system every number is nilpotent. \ 

Theorem 4. Let R' denote the domain of rationality of any aggregate 
of scalars including the constants y..,^ of multiplication of any given hyper- 
complex number system e^, e^ , • • • , e^: either there is an idempotent number 



* See p. 513 above. 
t See p. 513 above. 
t PiBEOK, loc. cit., p. 11.3. 
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belonging to K ( i?' y e^ , e^ , • • • e„ ) , or the number system is nilpotent. In 
particular, in any real hypercomplex number system there is an idempotent 
number, or every number is nilpotent; and, therefore in a real nilpotent 
hypercomplex number system every number is nilpotent. 
By supposition, we have 

(34) n(X) = X-(X - XJ-(X - XJ- . . .(X - X )-. 
Let 

(35) TF(X) = X(X-XJ(X-X3)...(X-XJ. 

Then, if any polynomial JZ'^^c A'' in A is nilpotent, S'=i'c X** contains W{X) . 
Conversely, if S'^f ^' contains TF'(X), 2'Jf c A'' is nilpotent, since then some 
power of E^iiC,^" contains fl(X). By (30) and (32), we have 

(36) A^[A-\f(A)y^[A-X^f{A)y'...[A-X^f{A)y' = n(A) = 0; 
and, therefore, if m' is the greatest of the integers v^, v^, • ••, v^, 

(37) ^^{[^-X,f(^)][^-X,£(^)] ...[^-X£(^)]}"" = 0. 
Further, if 

A^{iA-p,t{A)'\iA-p,i{A)^...iA-p,i{A)y'^ = 0, 

then r' =r, and r of the scalars p^, p^, ■■■, p^ are equal, respectively, to 
\> \'> ■ • • ) \- For, from the last equation, it follows that 

^■'+" - g/.-^"*''"' + • • • +i-'^ypip2 • --Pr'^" 

= A''\_A-p,l{A)^lA-p,l{A)l,...[A-p,l{A)y 
by (30), is nilpotent ; and, therefore, 

^^+'" - i: /',^-+^'-^ +...+(- 1 yp,p, . ■ ■ p,x^ 

i=l 

contains TF(X), which is impossible unless r' =r and the scalars p-^, p^, ■ ••, p^,, 
comprise X, , X^, • • • , X^. 
Let 

f{A) = ±c^A'' 

8=1 

be any polynomial in A such that 

A''f{A) = 0. 
li/( A ) is not nilpotent, then by theorem (2), there is an idempotent polynomial 



j=j:yjfi^n' 



inf(A), and thus 



,=1 ' 



^■'/=^^i:7,C/(^)]'=0: 

5=1 
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whence, since f ( -4 ) is a polynomial in A" , it follows that 

£(^)/=0. 

But, by (30), f(-4) is an idemfactor* of the I'th power of any polynomial in 
A ; and, therefore, 

/=/'' = f(^)/- = 0, 

which is impossible. Therefore, if 

A''±cA^=0, 



,=1 
then 



8=1 



is nilpotent.-f Whence, by (37), it follows that 

(38) {[A-\f{A)] [^-X,f(^)]...[^-Xf(^)]}'"' = 

for some positive integer m'. Further, if 

{[{A-p,f(A)][A-p,t{A)^...[A-p,t{A)-]r = 0, 

then r' = r and r of the scalar s p^, p^, •••, p^, are equal, respectively, to 
Xj, Xj, • • •, X^. For, from the last equation, it follows that 

A^{{A-p,t{A)-\[A-pJ{A)]...[A-p,l{A)]Y' = 0, 

which, as proved above, is impossible unless r' ^r and the scalars p^, p,^-, ■ ■ ■■< P/ 
comprise X^, X^, • • •, X^. J 

If r = 2, the number system contains at least two independent idempotent 



* See p. 512 above. 

t Similarly, if A'''f{ A ) is nilpotent, where v' -^v and 

f{A)=f:e,A^, 

then A''f( A ) is nilpotent ; and, therefore, f ( ^ )/( ^ ) , and thus [/( ^ )]•• = [ f( ^ )/( J ) ]" 
is nilpotent, that is f{A) is nilpotent. Let •>!', and let A"'/ (A ) be nilpotent ; then, by 
what has just be proved, A^'-^f{ A ) is nilpotent. Therefore, if v' — v-^v,f{A) is nilpotent. 
On the other hand, it v' — i- > v , then A'''-^''f{ A ) is nilpotent ; and, proceeding thus, we may 
show ultimately that/( A ) is nilpotent. In particular, if A'''f{ A)^0,f{A) is nilpotent. 

t These results may be established as follows. For l^i^r, the polynomial ^ — /li f { a) con- 
tains both A and A — Aj ; whereas, /I — pf{^) contains a — /l; only if p = ^ j . Therefore, 

fl[A-p,f(?.)] 
i=i 

contains IT ( A ) if r' ^ r and if the scalars Pi , Pz , • • • , p,' comprise A^ , X^ , • ■ • , A^ , but not other- 
wise. Whence follow the theorems given above. 
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numbers. For then, by what has just been proved, neither A — \f(A) nor 

n[A-\t(A)-] 

is nilpotent ; and, therefore, by theorem (2), there is an idempotent polynomial 
Zin A — \f{A^, and an idempotent polynomial J in 

niA-\l(A)]; 

and, by (88) 

Z/=/""J''"'=(7J")'»'=0, 

which is impossible ii J= pi.* 

Let A belong to the domain IBi {H'l e^, e^, • • •, e^), where H' contains 
i?(7j.j^); and let the factors of fl(\) rationally irreducible with respect to 

B' be 

X, ^(X), o,(x), ..., o^x), 
so that 

(39) fi(x) = x-[Oj(x)]''i[flj(x)]-2--- [n,(x)]-;. 

For 1 ^ i = s, the roots of fij(X) = are all distinct. Let 

(40) (i = i,2,---,0. 

= (X-X«^)(X-X«)...(X-Xt'>) 

Then, for 1 = j = s, ^p, q^i\ • • •, gt? a^re rational in R'; and, therefore, since 
i{A) belongs to K. {R'; e^, e^, e„), so also does 

(41) »,(^)=[^-XWf(^)][^_X(;)f(^)]...[^-X(')f(^)] 

(i=l,2, •••,8). 

By (38), 

[a,.(J.)«,(^)...«(^)]»' 

(42) 

=.(^t[{[A-X<ptiA)]lA-7^iH{A)]lA-X<^H(A)]}y =0. 

Moreover, since no two of the equations llj(X) = 0, Q^^^X) = 0, etc., have a 
root in common, and zero is a root of neither of these equations, 

Uo>,{A)=U{[A-Xipt(A)][A-^pt(A)]...[A-X^;H(A)-]}, 

i=l i=l 

is not nilpotent if s' < s . Therefore if s S 2 , neither (o^(^A) nor 

n«.(^) 



* For, if IJ=0 and J=pl, then pI=pJ^ = IJ=0, and thus p = 0; therefore, ^ = 0, 
•which is contrary to supposition, since J is idempotent. 
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is nilpotent ; and consequently, by theorem (2), there is an idempotent poly- 
nomial / in ft)^ ( ^ ) , and an idempotent polynomial J in 

But, by (42) 

1.7^ I'-' J'-' = ( ijy = , 

which is impossible ii J= pi. Since o>.(A) belongs to K ( ^' ; e, , 62 , • • • , e„ ) , 
so also do I and J. Therefore, if s = 2 , the number system contains at least 
two independent idempotent numbers belonging to E(^' ; e^, e^, • ■ ■ , e^) . 

Let now the number system e^, e,^, • • • , e^ contain but one idempotent number 
/. Then by what has just been proved, if A'^ 4= , 

0(\) = X-(X — «)'% 

where « 4= 0. Further, t{A) = I; and, therefore, by (38), 

A-aI=A-ai{A) 
is nilpotent. Therefore, 

A = al+ N 

where N = A — al '= A — al{A) is nilpotent. If, moreover, 

A = pl+ N\ 

when N' is nilpotent, then, by theorem (1), 

pSI= S{pl+ N') = SA = S{al+ N) = aSI; 

and, therefore, since ;S^/=t= , p = a and, thus, N= N' . If ^ is nilpotent, 
and 

A = pl+N 

where iV^is nilpotent, by theorem (1), 

pSI= S{pl+ N)= SA=0; 

and, therefore, p = . Let R' include ^(7..^). At least one of the units 
e^, e^, •••, e^ is not nilpotent; otherwise, by theorem (1), the system is nil- 
potent. Therefore, there is at least one non-nilpotent number A belonging to 
^\_R{y ..,.); Cj, 62 , •••, e,j] ; and, therefore, since /=f(^), / belongs to 
^[^{"^ijk)'- «i' «2' •••'«»] • If -^ belongs to E(S'; e^, e^, ■•■,ej, and 
^'"4=0, then a is rational in R'\ and, therefore, N=A — aI belongs to 
K(jB', e, , e^, • • •, e^). Whence follows 

Theorem 5. Let the nuniher system e^, e^, •••, e^ contain one and only 
Idempotent mimber I; and let R' denote the domain of rationality of any 
aggregate of scalars including the constants 7..^. of multiplication of the sys- 

Trans. Am. Math. Soc. 3S 
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tern. Then I belongs to K(i?'/ Cj, e^, •••, e^). Moreover, any number A 
of the system is separable in one and only one way into the sum al+ N of a 
scalar multiple of I and a nilpotent number JY, which is commutative with A . 
If A is not nilpotent, and O(^) is the fundamental equation of A, then 

fi(X) = X''(X-a)''». 

Finally, if A belongs to K(^'y e^, e^, ■ ■-, e^), N belongs to this domain, and 
a is rational in H'. 

Let 

ei = «iI+J^i (f = l,2, •■•,n), 

where iV.(i = 1, 2, • • •, w) is nilpotent. Then, by the preceding theorem, / 
and iV.(l Si ^w) belong to E[iS(7^.J; e^, e^, • ••, e„], and a.(l^i^n) 
is rational in Ii{y..j^). The idempotent number / and n — 1 oi the units are 
independent. Thus let / and e^, e^, • • ■ , e^_j be independent. Then / and 
iV, , iV^2 ' ■ ■ ■ ' ^»-i ^^® independent ; and, therefore, we may substitue 

for the original units. Since each of the new units belongs to 

the transformation is rational in H^y..^). Wherefore, 

Theorem 6. If the number system e^, e^, ■ ■ ■ , e^ contains but one idem- 
potent number we may substitute, by a transformation rational in Ji{ 7^-^ ) , 
new units e[, e'^, • • • , e^ such that 

e'^=e', e'""=0* (i = l, 2, ■ ••, »-l). 

Let the number system e,, e^, • • •, e„ contain but one idempotent number I 
belonging to "&. (S' ; e^, e^, ■ ■ ■ , e^), where E' includes R{<y..^); and let A be 
any non-nilpotent number of the system belonging to this domain. Then, by 

what precedes, 

0(X) = X''[Oj(X)]''', 
where 

fi,(X) = X"-' + q^-^X^-' + • . ■ + ?tV-i^ + ?-'>' 

is rationally irreducible in R' . Since A belongs to E (^': e^, e^, • ■ • , e^) , bo 
also does f ( ^ ) ; and, therefore, 1{A) = I. By (29) 

A^ lA'-^ + qTA^^-' + ■■■ + (/,V_,^ + (iiii{A)Y^ = Xl(^) = 0; 

and therefore, by the theorem given on p. 527, 



* This theorem includes the first part of theorem IV of the Introduction. 
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(^^« + §m^^-^ + . . . + qi'^_,A + ?(?/)"" 

= [A^^ + ?V> ^-'-' + • • • + ^t^Li A + 2tV t ( -4 )] "" = , 

for some positive integer m'. Whence follows 

Theorem 7. ie^ <Ae hypercomplex number system e^, e^, ■ ■ ■, e^ contain but 
one idempotent number I belonging to E(i?'; e^, e^, •••, e^), where R' 
denotes the domain of rationality of any aggregate of scalars including the 
constants 7^.^. of multiplication of the number system. Then, if A is any non- 
nilpotent number of the system belonging to K(-Z?'y e^, e^, •••, e^), and 
Il(^) = is the fundamental equation of A, 

ft(x) = x''[n,(x)]''i, 

where Oj(X) is rationally irreducible in R' . Moreover, if 

I1,(X) = v> + ^wv-' + . . . + 5tV-i ^ + <'' 
then 

(^"^ + ^/)^^'-i + . . . + 2W_, A + q^PJY = 0, 

for some positive integer m' , 

Let now e^, e^, • • • e^ be the units of any given number system containing at 
least one nilpotent number ; and let A be any nilpotent number, other than 
zero, of the system, — thus let^"-'=j=0, ^"" = 0. Then, by theorem (1), 
SA^ = for any positive integer p ; and, therefore, 

Conversely, let m. be the order of the fundamental equation of A , and let A 
satisfy the above conditions. Then A is nilpotent. For, otherwise, by theorem 
(2), there is an idempotent polynomial f(^) in A; but, by the theorem given 
p. 523 , it follows from the above equations that 8A^ = for any positive 
integer p, and thus S{(A) = 0, which is impossible since t(A) is idempotent. 
Therefore, 

Theorem 8. If m is the order of the fundamental equation of any num- 
ber A ^ of a given hypercomplex number system, and 

SA = 8A''= ■■■ = SA'--' = , 

a fortiori, if SA^ = for any positive integer p , then A is nilpotent. Con- 
versely, if A is nilpotent SA'' = for any positive integer p . 

§ 3. Classification of the units of an idempotent hypercomplex 
number system.* 

Let R' denote the domain of rationality of any aggregate of scalars com- 
prising the constants 7;.^. of multiplication of the idempotent number system 

* See p. 512 above. 
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Cj, 63, • • •, e^. By theorem (4) there is at least one idempotent number belong- 
ing to the domain 11(7?'; e^, e^, • • •, «^). Let 



i=T, 



dPe.. 



be any idempotent number belonging to this domain ; and, for i=l, 2, ■••,«, 
let 

ef = Ie.I, 

(43) ' • ' 

ef = ej-lej, 

e'-P = e. — le. — e.I+ le.I. 

We have, for i = 1, 2, •■■, n, 

t I I ' 

(44) . . ' . 

lef=0 = efl; 

and thus, for 1 = i = n, the numbers e^^\ ef\ e'^?\ e^*' are, respectively, in the 
first, second, third, and fourth of Peiece's groups (mentioned in theorem II of 
the Introduction) with respect to the idempotent number / as the basis.* 
Further, any number linear in the e'*^'s (^=1,2,3,4) belongs to the Jcth 
groups with respect to /. f Since 

(45) e.= eW-f ef> + ef + eW (i=l, 2, • ■ •, n), 

every number of the system can be expressed linearly in the in numbers of (43). 
Let /I, of the numbers e^^ of the first group with respect to /, as e'-P, e'j'^ • ■ • , e'-^^ , 
be independent; Wj of the numbers ef^ of the second group, as ef\ ef>, ■ • •, ^^^i 
Wj of the numbers e'/' of the third group, as ef' , e^p , ■ • • , e'^^ ; and, finally, let 
n^ of the numbers e'i*^ of the fourth group, as e^*' , e'-2^ , • • • , e'„^' , be independent. 
Then since each of the numbers ef\ for k = l, 2 , 3 , 4 and ^ = 1 , 2 , • • • , n 
(and, therefore, any n independent numbers of the system) can be expressed in 
terms of the above n^ + n^ + n^ + n^ hypercomplex numbers, and the latter are 
independent, J we have n^ + n2 + n^ + n^ = n. We may now show that any 
number of the system belonging to the ^th group with respect to/(l = ^S4) 
is linear in ef\ ef\ •••, e'^^. Whence it follows that / is linear in 



* See p. 509 above. 
t See p. 512 above. 

t There can be no linear relation between numbers belonging to different groups with respect 
to I. Cf. the third footnote on p. 518. 
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*i'\ 4") •••» ^iV* ^® ^^7' therefore, substitute / for one of these numbers. 
It may be that either m^, n^, or n^ is zero ; but ?ij = 1. For n^ is the number 
of independent hypercomplex numbers in the aggregate Ie^ I for i = l,2, •■•,«; 
and these n numbers cannot all be zero, that is ti^ =|= , otherwise, 

/= r = lt,afe, ■ /= S afle,l= . 

Since both / and the units e^, e^, etc., belong to 1& (H' ; e^, e^, ■ ■ ■ , e^) , so 
also do the numbers efK Therefore, the transformation from the original sys- 
tem of units to the new system of units. 



e. 



M 



%1+i 


= 


e'i' 


^Wl+n«+« 


= 


e(f 




= 


ef 



(i = l 


2, 


•■,%). 


(i = l 


2, 


•■. "j). 


(»; = i 


2, 


••- "s), 


(i = i 


2, 


■■, "J, 


•■'< 


)is 


identi- 



(46) 



is rational in H'; and, therefore, the domain K (i?'; ej, e^, 
cal with the domain IBi {H'; e^, e^, ■ ■ ■ , e^) .* The same is true if we substi- 
tute / for one of the units of the first group. 

Let us now suppose that the first group with respect to / contains a second 
idempotent number t^ belonging to K (i?' ; e^, e^, • • • e„). We may then by a 
transformation rational in i?' substitute for the second system of units, regular | 
with respect to / as the basis, a third system of units regular with respect to J" as 
the basis, each of the units of the third system belonging tolSi(Ii' ;e[,e'^, ■ • • , e^ ), 
and therefore, to lEl ( ^' ; ^i, e^-- ■ e^). The number of units of the third sys- 
tem in the first group with respect to J is the number of independent hyper- 
complex numbers in the aggregate Jd^J for A; = 1 , 2 , 3,4 and i = 1 , 2 , • • • , Wj. . 
Since IJ= J= JI, we have 

Je<^'>J= JI- e(.') • IJ= J- le'-'^I- J=. 

for ^>1,^=1,2,■••,WJ; and, therefore, the number of units of the third 
system in the first group with respect to J cannot exceed n^ . But, if 



/- J= Cj ef + c^e^P + --- + C, 



. e" 



.(1) 



»1 "^ni ) 

then 

J^c.Je[PJ= J J^c^ef J^ J{I- J)J= J- J= ; 

and, therefore, the number of units of the third system in the first group with 
respect to J is less than n^ . Thus ultimately, by repeated transformations each 

* See p. 514 above. 
t See p. 512 above. 
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rational in i?' we can feel free the first group of any idempotent number be- 
longing to K (-S' ; Cj, Cj, • • •, e^) other than the basis. In the system of units 
which we shall thus ultimately obtain, we may take the basis as one of the units 
of the first group. We have, therefore, the following theorem. 

Theorem (9). Let R' denote the, domain of rationality of any aggregate 
of scalars including the constants '^..,^ of multiplication of the idempotent num- 
ber system e^, e^, ■ ■ •, e^. Then, there is at least one idempotent number I be- 
longing to K (i?' ; Cj, 62, • • •, e^) / and we may, by a transformation rational 
in R' , introduce new units e[,e[, • • • , e^ regular with respect to I as the basis, 
each of the new units belonging to M. {R' ; e^, Cj, •• •, e,J, and this domain 
being identical with IS. (^' y ej, e^, ■ • •, e^). We may take I as one of the 
units e[, e^, •••, e\ If the first group with respect to I of the system 
of units e[, e[, • • • , e^ contains a second idempotent number I' belonging to 
K {R' ; e[, e'^, ■ ■ ■, el), we may by a second transformation rational in R' 
introduce a third system of units e" , e^' , • ■ • , e^' (of which we may take I' 
to be one) regular with respect to I' as the basis ; each of these units will 
then belong to iS. (R' ; e[, e'^, •■•, e^), this domain being identical with 
E {R' ; e", e^, • • •, e"^) ; and the number of units in the first group with respect 
to I' of the system e'[ , e'^, ■ ■ ■, e'^ will be at least one less than the number of 
units of the second system in the first group with respect to I. Therefore, we 
may introduce, by a transformation rational in R', new units e^,e^, • • ■ , e^ regu- 
lar with respect to an idempotent number I belonging to E (R' ; e^,e^, • • • , e^ ) , 
and such that the first group with respect to I contains no second idempo- 
tent number ; the domain K {R' ; e^, e^, • ■ •, e^) will then be identical with 
IBi [R' ; e^, e^, • ■ •, e^). We may take I as one of the units of the final system. 

After the substitution, by a transformation rational in R', of a new system 
of units, ef\k = 1, 2 , 3 , 4 and i =1, 2, • • •,n^) regular with respect to an 
idempotent number / belonging to IBl (i?'; Cj, e^, • ■ •, e^), let us suppose that 
the fourth group with respect to / contains an idempotent number J belonging 
to IBl (JS'; Cj, fij, • • •, e^). By a transformation rational in R' we may intro- 
duce a third system of units regular with respect to J . The units of the third 
system in the first groups with respect to J are, then, the independent hyper- 



,n 



'*• 



complex numbers in the aggregate Je'*'e7 for A; = 1 , 2 , 3 , 4 and i =1 , 2 , • • 
But, since IJ= JI^ 0, we have 

(47) IJ^^J=(i = JefJI (fc=l,2, 3,4; i=l,2, ■•■,n,); 

and, therefore, the units of the third system in the first group with respect to J 
are in the fourth group with respect to /. The units of the third system in the 
second group with respect to J are the independent hypercomplex numbers in 
the aggregate Je'f — Jd-fJ for ^ = 1 , 2 , 3 , 4 and t = 1 , 2 , • • • , m^. . But, 
by (44), 
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(48) Jef - Je'{>J= J M] -J lef J=(i (» = l , 2, •••,«, ), 

(49) J4f-MfJ=J-Uf-J-J-I<if-J=() (i = l, 2, •••,«,); 
and also 

JefJ=J-4fIJ=0 (i=l, 2, ••-,«,), 

whence follows 

(50) {Jef - JefJ)I= 7"ef • 7= Jef = Jef -JefJ ( i = i , 2, • • •, »3 ). 
Moreover, by (44), we have 

(51) {Jef-JS}^J)I=JefI=(i (f-i, 2, ■■•,«,)• 
Finally, 

ib2) I{Jef-JefJ) = (i (ifc = 3, 4; i=l, 2, 3, 4). 

Therefore, by (48) to (52), the units of the third system in the second group 
with respect to J are each, severally, in one of Peirce's four groups with respect 
to /, — namely, in either the third or fourth group with respect to /. Simi- 
larly, we may show that each of the units of the third system in the third group 
with respect to J is in either the second or fourth group with respect to /; and 
that each of the units of the third system in the fourth group with respect to J 
is in either the first, second, third, or fourth group with respect to I. Since 
IJ= JI= 0, we may take both / and J as units of the third system. We 
have, therefore, the following theorem : 

Theorem. 10. Let H' denote the domain of rationality of any aggregate 
of scalars including the constants of multiplication of the idempotent number 
system Cj, e^, • • •, e„/ and let the units of the system he regular with respect 
to an idempoteiit numher I belonging to lSi(Ii' ; e^, e^, • • •, e^). Then, if the 
fourth group with respect to I contains an idempotent numher belonging to 
K(-ff'y e^, e^, ■ ■ ■, e^), we may, hy a transformation rational in H', introduce 
new units e[, e^ , • • ■ , e^ which shall he regular both with respect to I and vnth 
respect to J. Of this system we may take both I and J as units. 

When R' includes every scalar real and imaginary, this theorem reduces to 
the theorem on which Hawkes bases his method for regularizing a number 
system with respect to each of the idempotent numbers chosen as units.* 

§ 4. Nilpotent hypercomplex number system. 

Let Cj , e^ , • • • , e^ be the units of a nilpotent hypercomplex number system. 
Then, by theorem (3), every numher of the system is nilpotent. Further, by 
theorem (8), if A is any numher of the system, SA = ; in particular, 

(53) Se^= Se^ =,S'e,= 0. 

* Hawkes, loc. oit., p. 317. 
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Conversely, if the scalar of each of any n independent numbers of any number 
system in n units is zero, the system is nilpotent *. Whence, or directly from 
theorem (3), it follows that every subsystem of a nilpotent system is nilpotent. 
In consequence of a well-known theorem of Scheffers', relating to non- 
quaternion number systems,! i* follows that, in a nilpotent numbert system, 
new units e[, e'^, • • • , e^ can be so selected that 

n 

(54) e'ie'j = Hj',jk^'k {i,j = 1,'2,---n;h>i;h>j), 

h—h 

that is, such that the constants '^\.^ of multiplication of the new units satisfy 
the conditions 

(55) ii5i, = ^X {ij=l,^,---,n;k^i;k^j). 
The transformation hy which this choice of units is effected can he tahen 
rational in ^\_It(^<y^,^)•, e^, e^, • • •, ej\. For this is true for w = 1 , in which 
case Cj = . Again for w = 2 , if there is a number A = a^e^ + a^ e^ belong- 
ing to K [ i? ( 7^^.j. ) ; e^, e, • • • , e^ ] whose square is not zero, we may put 

e[ = A, e:, = A\ 
when we have 

«;' = <' e;e; = e;e; = «2' = 0.§ 



If there is no number belonging to E [ i? ( 7,^.,J ; e^ , e , • • • , e^ ] whose square is 
not zero, we have e^e^ + e^e^= ; \\ and, if e, e^ =)= , we may put 



when we have 



e;' = o, e;e; = e;e; = e;' = 0;t 



whereas, if e^Cj = (in which case ejC, = 0), the identical transformation, 

Cj = Cj, Cj = e^ 
satisfies the requirements. Therefore, for n = \ and ?i = 2 , new units can be 



* Theorem (1). 

f Encyilopadie der Malhematischen Wissenschafien, vol. 1, p. 181. 
t Hawkes, loc. clt., p- 323. 

'i The non-vanishing powers of a nilpotent number are independent, Peiece, loc. oit., p. 114. 
Therefore, A^ = 0. 

II For in the case supposed ej ;= , 4 = , (f i + f2 )^ = ; whence follows e^ e^ + e^ Cj ^ . 

\ We have e J ^ , e.j' = , and e| Cj = ^i «2 = '^ ^y supposition. If 

62 ("l = Cl «2 • «1 = <^l «1 + ''2 "2 = ''l «1 + ^2 «i «2 ' 

then since 

either ^2 ej = ej eg • e^ = 0, or we have v-i = 0, in which case «, eo • ej = Cj ei , and, therefore, 

that is Ci = . 
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chosen to accord with (55) by a transformation rational in Ii(y..j^). Finally, 
we may show that, if new units can be selected to accord with (55) by a trans- 
formation rational in i?(7j.j.) for every nilpotent system in less than n units, the 
same is true for the given system in n units. 

In demonstrating this theorem, I shall assume that, for every nilpotent num- 
ber system in less than n units, new units can be obtained by a transformation 
rational in S^y-.^^) to accord with (55) : first, I show by the aid of theorems (i) 
to (iii) below, irrespective of the rationality of the transformation for a system 
with less than n units, and without recourse to the theory of groups, that in any 
given nilpotent system with n units there are numbers (one or more) nilfacient 
and nilfaciend to every number of the system ; second, that certain of these 
numbers belong to K[ii?(7;.j); e^, e^, •••, e^], follows from simple con- 
siderations ; third, from the existence of such numbers belonging to 
K[^(7;.j); Cj, e^, •••, e^], the lemma given at the end of this section, and 
our assumption, it follows that the theorem assumed for less than n units is true 
also of the given nilpotent system with n units. 

Let now A = '^'^=1 a.e^ ^ be any number of the nilpotent system 
Cj, e^, • • •, e,j. Then, since A is nilpotent, it is nilfacient to at least one num- 
ber of the system. Let A be nilfacient to just m independent numbers, as 
A^, A^, •••, A^, of the system. Then, in the first place, A is nilfacient to 
any number linear in A^, A^, • • •, A^. Secondly, these numbers form a sub- 
system by themselves. For, if m = n , gj , e^ , • • • , e , can be expressed linearly 
in A^, A^, ■ ■ , A^/, on the other hand, if m < w,.and, for l=i = m, lSj = m, 
we have 

m 

A,A.= J:c,A^+£, 

where B is independent oi A^, A^, ■ ■ ■ , A^, then 

0==AA. A,==A A.A. = J2c,AA^ + AB = AB, 

which is contrary to supposition.* The system A^, A^, ■ • •, A^ being identical 
with e^, e^, ■ ■ ■, e^^, or a subsystem of the latter, is nilpotent. We may now 
interchange the order of multiplication and the terms nilfacient and nilfaciend, 
when we have 

Theorem (i). If A is nilfacient (nilfaciend) to m hypercomplex numbers, 
A^, A^, •••, A^, it is nilfacient (nilfaciend) to any number linear in 
A^, A^, ■■■, A^^^. 

Theorem (ii). Any number A ^ ^ of a nilpotent system e^, e^, ■ ■ ■, e^ is 



*Caetan, Annales de la Faculte des ScieDces de Toulouse, vol. 12 (1898). 
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nilfacient (nilfaciend) to just m independent hypercomplex numbers, where 
1 = m = n, and these numbers form a nilpotent system by themselves. * 

Let A =^ he nilfacient or nilfaciend to just m <^n independent numbers of 
the system gj , e^ , • • • , e^, as A^, A^, • • • , A^ . Then by theorem (ii) 
Aj^, A^, ■ ■ ■, A^ form by themselves a nilpotent subsystem ; and, since m < w, 
by our assumption, this subsystem contains m independent numbers 
A[, A'^, • • • , A'^ such that 

m 

(56) A'iAj = J2%-k^'k («,i=l,2, ■■•, mi A>i; A>i). 

I shall now show that there is a number B independent oi A[, A'^, ■ ■ •, A^^ 
such that 

(57) BA'. = b,,A[ + b,,A', + --- + b.^A'^ {i = i. 2, • ••, m). 

First, if there is any number B^ such that B — B^ A'^ is independent of the 
^"s, then since, by (66), 

BA'. = B A' ■A'. = B A' A: = (» = i,2, ■■■,m), 

there is a number B independent of the A"s satisfying equations (57). We 
may, therefore, assume that the product of any number of the system Cj , e^ , • • • , e„ 
multiplied by A'^ as post factor is linear in the A"s. Second, if there is any 
number B^_^ such that B = -B^_, ^,',_i is independent of the J."s, then since, 
by (56), 

SA[ = B^_^Ai_, -A'. = B^_^-A'^_^A: = a„_i,„^,„_, Al (i=i, 2, ■••, m-^i), 

and both BA'^ and B^_^Al^ are linear in the ^"s by supposition, it follows 
that there is a number B independent of the A"s satisfying equations (57). 
We may, therefore, assume that the product of any number of the system 
e^, e^, ■ ■ ■, e^ multiplied by ^^ (i = m — 1 , m) as post factor is linear in the 
^"s. Proceeding thus, we find either a number B independent of the ^"s 
satisfying equations (57) ; or that the product of any number of the system by 
A[{i-= 2, S , ■ ■ ■ , m) as post factor is linear in the A"s. We may, therefore, 
assume that the last is true. Finally, if there is any number B^ such that 
B = ByA[ is independent of the ^"s, then since by (56), 

M 

BA'. = B^A[A'. = B^A[A'. = J2<^m^i^'k (i-l, 2, •• ■, m; 2^A>0, 

and since B^A'^ for k^ 2 is linear in the ^"s by supposition, there is a num- 
ber B independent of the ^"s satisfying equations (57). If there is no such num- 
ber B^ , then the product of any number of the system by ^4^ ( * == 1 , 2 , • • • , m ) 
as post factor is linear in the ^''s; and, therefore since m < ;^, there is a num- 



* Caetan. See preceding note. 
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ber B independent of the ^"s satisfying equations (57). Similarly, we may 
show that there is a number C independent of the ^"s such that 

(58) A\C=c^^A[ + c.^A'^ + ■■■^c.^A'^ (»^i, 2, •• •, m). 

Since B is nilpotent, some power of B is linear in the ^"s. Similarly, some 
power of C is linear in the ^"s. Let B^ and C*, respectively, be the highest 
powers of B and C independent of the ^"s ; then 

(59) B'^^ = ^,A[ + ^,A', + ... + ^^Ai, 

(60) (7.+i = ^,^; + ^^^;+... + ^^^;. 
From (57) and (58), we derive 

(61) B^A\ = h\?'^A[ + ¥r^A[ + ... + h[P:>Ai (i = i, 2, ■•., »), 

(62) ^:c' = c(^)^; + c(^,)^; + ... + 4^m; (i=i,2, ...,m), 

Therefore, by (56), (59), and (61), 

A' BPB = A' -5^+^ = 0, 

(63) (t = l, 2, ■■•,»«); 

A' B" ■ A'. = A' ■ B^A: = 

m t m t 

and, by (56), (60), and (62), 

C-C^A' = C+'-A' =0, 

(64) (i = ],2,---,m). 

Let us now assume, first, that J.^'' = A'^^B'' 4= 0.* This number is then, by 
(63), nilfacient to at least m + 1 independent numbers A[, A'^, • • •, A'^, B ; 
and is, moreover, nilfaciend to A[, A'^, • • • , A'^. If ^^^' = A'^ & is nilfaciend 
to some number independent of the j4"s, it is, then, also nilfaciend to at least 
m Ar\ independent numbers. On the other hand, if A'-^'^ = A'^ B'' is nilfaciend 
to no number independent of the ^"s, then, since C' is independent of the 
J."s, A'^'> = C'^A'^B'^ 4= . But in this case, the number A^^^ = C^A'^B" is 
nilfaciend to at least m + 1 independent numbers, since by (64), 

C- C''A'^B''= 0"+' Al . 5^ = , 

(t=l, 2, ■ , m); 

A'.. CA' B'' = A'.C-'A' .B'' = 

and is, moreover, nilfacient to at least m + 1 independent numbers, namely, 
A[,A'^, • • •, A'^, B. Second, let A[^B^ = 0, then since B^ is independent of 
the ^"s, A^^^ = A'^ is nilfacient to at least m + 1 independent numbers. If 



Since A^ may be nilfacient (or nilfaciend) to numbers of the system other than 
A[, A'^, ■■■, A[^,it may happen 4;^, £p = ( or CM '„ = ) . 
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now A^^' = A'^ is nilfaciend to some number independent of the u4"s, it is, then, 
also nilfaciend to at least m + 1 independent numbers. On the other hand, 
if A^^^ = A'^ is nilfaciend to no number independent of the ^"s, then, since C' 
is independent of the ^"s, A'-*'' = C''A'^^ =j= 0. But in this case, the number 
^w = CA'^, which is nilfacient to at least m+1 independent numbers 
(namely, those to which A'^^ is nilfacient), is also nilfaciend to at least m + 1 
independent numbers, since by (64), 

(4=1, 2, •••, m). 

A'.-CA' =A.C'>-A' =0 
Whence follows 

Theorem (iii). If the number ^ 4= ^ '^^ ^ nilpotent system is nilfacient 
(nilfaciend) to just m<in independent numbers, there is a number A' nil- 
facient to at least m+1 independent numbers and nilfaciend to at least m + 1 
independent numbers. 

Let now ^ =^ be any given number of the system, then, by theorem (ii), A 
is nilfacient to at least one number and nilfaciend to at least one number of the 
system. Therefore, if A is not both nilfacient and nilfaciend to n independent 
numbers, it is either nilfacient or nilfaciend to just m <in independent numbers, 
in which case, by the last theorem, there is a number A' nilfacient to at least 
m+1 independent numbers and nilfaciend to at least m + 1 independent num- 
bers. Therefore, li A' is not nilfacient and nilfaciend to n independent num- 
bers, it is either nilfacient or nilfaciend to just m' <in independent numbers. 
But, since m' = m + 1 , proceeding thus, we must ultimately obtain a number 
both nilfacient and nilfaciend to n independent numbers, and, therefore, nil- 
facient and nilfaciend to every number of the system. 

The conditions necessary and sufficient that A = Y.^iZH'^i^i shall be nilfacient 
and nilfaciend to every number of the system are, by theorem ( i ) , 

n n n 

HJ^a.-i e^ = '^a^e^e = Ae =0 (i = l,2, ■■■,»), 

i=i k=\ *=i ■' -^ 

that is, 

«i7i;t + a2 72,-4 + • • • + a„7„,v. = (j, fc = l , 2, ■••,«) , 
and 

n n n 

S2«i 71,7,6,,= X«ie;«-= e A = (i=l, 2, ••-,»), 

that is, 

«i7,-„, + a^'yjiu + • • • + «„7,-„,, = (i, fc= 1, 2, • ■ ■, )i) . 

Since there is at least one such number A , there is at least one such number 
A belonging to E [i?(7;,j.); e^, e^, •••e^]. We may, therefore, by a trans- 
formation rational in ^(7..^,), introduce new units ej, e'^, • •■ , e'^ such that 

K^'i = ^ = «i«» (» = 1, 2, ■•■, «), 
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the constants 7;.^, of multiplication of the new units being rational in Ii(y..j.). 
By the lemma given below, there is, then, a nilpotent number system 

Cj , e^, • ■ • e^_j such that 

M-l 

^i^j = HyijjA (i, j = i,2, ■■•,»-i). 

By our assumption, we may introduce into this number system, by a transforma- 
tion 

TC-l 

e'i = 'E'^<A (J=l, 2, ••■,»-!) 

k=i 

rational in ^ ( y^.j^ ) , and, therefore, rational in jB ( 7^^.^ ) , new units ej , Cj , • • • , e^_i 
to accord with (55), that is, such that 

n-l 

e'.ej = '^j"..^e'^ (,i,i = l,2, •••, « — l; h>i; h>j). 
When, by the lemma, if 

M-l 

< = Z^«e; (i = l,2, .••,»-l), 

e" = e' , 



we have 

M-l 

«■' = HiijA + ^"iiJ'n (»'.^'=^ 2, ••■,»; A>t; Z»>j), 

e"e". = = e'.'e" (i = l, 2, •■■,"). 

This transformation is also rational in R{y'..j^) and, therefore, in jB(7„j); and, 
thus, by two successive transformations, each rational in ^(7^^.^), we may obtain 
a system of units whose multiplication table accords with (55).* 

Theorem 11. In any nilpotent number system e^, e^, ■ • ■ , e^ we may suh- 
stittite, hy a transformation rational in ^{7^,,)^ new units e[, e'^, • • •, e^ such 
that 

n 

e-e^. = 27.yje^ (f,J=l,2, •■■,n;h>i; h>J). 

Lemma. Let e^, e^, • • • , e^he any number system for which 

e^e. = = 6^6^ (i = i, 2, ■•■,«). 

Then, denoting by y^.^ the constants of multiplication of this system, there is a 
number system e^ , e^ , ■ • • , e„_j in ?i — 1 units such that 

n-l 

eie.==Y.lijA (£, j = l,2, ■••,»-l), 



* Since the constants of multiplication of the system e" , eg j ■ ■ • i C are rational fanctions of 
the coefficients of the transformation for the domain B ( y^j ) , they are rational in the domain 
B ( 7a* ) ■ 
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which is nilpotent if the system e^ , e^ , • • • , e^ is nilpotent. Moreover, if we 
introduce new units e[, e^ , • • • , e^ and e[, e^ , e',_j into the respective systems 
Cj , 62 , • • • , e„ and e^, e^, • • • , e^_, by transformations 

m-l 

e'i = '^r.^e^, e', = e,, (i = l, 2, • •-, m — 1), 

*=i 
and 

M-l 

ei = S'^i;t^* (j = l, 2, ■••,»-!); 

and, if 

n 

e'i e'j = X) 'yk-< (i, J = 1 , 2, ■ • • , » ) , 

i=l 

TC-1 

eie; = XT'vi^I (',i = l. 2, •••, n-l), 

then 

7;> = 7y7. (i,i!, fc = l,2, ■• •,»-!). 

For let fij, Bj, • • •, e^ be the units of any hyper complex number system such 
that 

7,.y = = 7,.„^. (j, j = l, 2, • • •, n), 

that is, such that e e. = = e. e for i = 1 , 2 , • • • , »i . Then 

71—1 »— I TC n 

A=l ;»=l A=l A=l 

71—1 W— 1 

^T.'^ijKlm + 7i,-„7,.,,= S%>A%,, ('.i. «=. '=1. 2, •■•, n-l), 
;i=i A=i 

which is the condition necessary and sufficient that a number system 

Sj , §2 , • • • , e^_j shall exist such that 

n-l 

e^e. = 2 'ii.l, * (i, j = 1 , 2, • ■ ■, »-l ) . 

A=l 

Let 

{a,e^ + a^e^+ ■ ■ ■ + a^ej{\e^+\e,_+ ■ ■ . + b^e,^) = {c^e^ + c^e^+ ■ ■ ■ + c,^e,^), 

(a^ej + h «„-ie,_i)(iiej + • • • + 6„_ie,_i) = {c,\ + • • • + 5„_ie„_i). 

Then, since 

77—1 n— I 
i=l i=l 

and 



77 77 77 — 1 77 — 1 

C*=Z Z«i^7iy„ = E Z)«i^-7i;;s, ( fc = 1 , 2, •■•,«- 1 ) , 
1=1 j=i i:=i j=i 

we have 

Cj. = Ci (1 = 1,2, •••,»-!). 



'^ See p. 515 above. 
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Let now ej , e^ , • • • , e^_j and e[, e'^, ■ • •, e'^ be new systems of units of the 
respective number systems e^, e^, •• •, e,j_j and e^, e^, • • •, e^, obtained, respec- 
tively, by the linear transformations T and T of non-zero determinant defined, 
respectively, as follows, 



and 

and let 



^i = •^iiCi + Ti^e^ + • • • + T;„_ie„_i (,• = !, 2, ■••, »-l), 
< = '^iie, + T.3e,-f ...4-T.„_je„_j, e^ = e„ (f=.i, 2, •••, «-i ), 



e- e; = X) 7-y^e; = Z S Ty/.'^tt®* ^ '.i = l. 2, ■ • •, n-l ) , 



ijh hk 



<e' = S jIX = Z E 7-,-AT,„e, -f 7: e„ (y,i = l, 2, • • •, n-l ) . 
Then, by what has just been proved, 

n — 1 n—t 

2-1 yiih'^fti ^ ^ T 
h=l h=l 

and therefore 

for, otherwise, the determinant of T is zero, which is contrary to supposition. 

The number systems e^, e^, ■ •■, e,^ and e^, e^, • • •, e^_j have the same number 
of independent idempotent numbers. For, if 

(65) «')e, + ■■■ + afej = afe^ +■■. + af e„ (fc=i, 2, • ••, m), 

then 



{i,j, k = l, 2, ••■, n — 1) 
(j,i = l,3,«-l) ; 



(66) 
and 



w— 1 w— 1 



[fc = l, 3, ••-,»»), 



(67) {af-e, + • • • + ai^l^e^O^ = afe, + • • • -f <*lje„_j (ft=i, 2, 

Conversely, from (66) and (67) we obtain (65). Moreover, if 



then 



a?> d}^ 



■7.(2) «(S) 



„()«) „(».) 






«<.*»> al"'> 



7(1) 



-,(2) 



-,(,») 



-yd) 



,(2) 



„(lll) 



0, 
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and, conversely, by (66). Whence it follows that, if e, , 63, • • • , e,^ is nilpotent, 
so also is Cj , 63 , • • • , e^_j ; and conversely.* 

§ 5. Hypercomplex number system with hut one idempotent number. 

Let e^ , Cj , • • • , e^he the units of a hypercomplex number system with one 
and only one idempotent number 

n 
i=l 

in particular, e^ , e^, • • • , e^ may be the units of the first group with respect to 
/ of a number system in n' = n units ; and let H' denote the domain of ration- 
ality of any aggregate of scalars including the constants y^^ of multiplication of 
the number system. Then, by theorem (5), /belongs to ]S(^' ; e^, e^, • • -, e^). 
Let 

n 

A = '^a^e^ 

be any number of the system, and let 

C=IAI-IA; 
then 

If C =t= 0, there is a second idempotent number in the system, namely, 1+ pC 
for any scalar p 4= . For, we have 

{i+pCY = i+p{ic+ ci) + p'C' = i+pC; 

and, if /+ /J (7 = a I, then 

(l-<7)/=[(l-<7)/+,3(7]/=0; 

thus, o" = 1 and, therefore, /> = , which is contrary to supposition. Therefore, 

IAI-IA = 0. 

Similarly, we may show that 

lAI-AI^O. 
Whence it follows that 
(68) lA = IAI= AI; 

that is, every number of the system is commutative with /. 



* Or, otherwise, as follows. We have 

n n—1 n 

Jl yijj = "E, y'ij < 27.#=o («=i,2,. ..,»-!). 

Therefore, if §<;; = ( i = 1 , 2 , •■•»), then Sei=0 ( »' = 1 , 2 , ■ ■ ■ « — 1 ) ; and, conversely. See 
theorem (11). 
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By theorem (5) any number A of the system is separable in one and only 
one way into the sum of a scalar multiple of / and a nilpotent number. Let 

(69) A = al+ N 

where N is nilpotent. Since N is commutative with /, it is also commutative 
with A.* 

By theorem (1), 

(70) SA = /S(«/+ N) = aSI, 

where SI 4= . Therefore, if SA = , a = , and ^ = iV" is nilpotent ; con- 
versely, if A is nilpotent, SA = by theorem (8).f 
Since IN= NI, IN is nilpotent. Therefore, 

(71) SIA = S-I{al+ N) = S{al+ IN) = aSI= SA. 
Let now A be nilpotent. Then 

SIA = SA = (i, 

and lA is nilpotent ; and, therefore, there is a smallest positive integer j) for 
which ( I A )" = . Let B be any second number of the system. If ^9 = 1 , 
then 

SAB= S{I-A£)= S{IA-B)^0. 

On the other hand, if ^9 > 1 , and 

AB = pI+N\ 
where N"" = , then 

lA B = IAB = pI+ IN', 

and, therefore, 

P ( lA y-' + ( lA y-'N' = p{iA y-'i + ( ia y-'iN' = ( ia y-' ( ^7 + in') 

= (IAyB=0, 

*See theorem (5). Further, it A is not nilpotent, N=A — aT= A — af(^); whereas, on 
the other hand, if A is nilpotent N^A, see p. 529. Therefore, in either case, ^ is a polyno- 
mial in A . 

t Again, since A is separable in but one way into the sum al-^Not a scalar multiple a of 7 
and a nilpotent number N, A is nilpotent if and only if a = 0, and, therefore, if and only if 
SA=0. 

Let fi ( ^ ) = be the fundamental equation of the number A of any given idempotent num- 
ber system ; and let m^ be the greatest number of distinct roots, other than zero, of Q ( a ) = 
for any number A of the system. Then the condition necessary and sufficient that an arbitrarily 
given number A of the system shall be nilpotent is SA'' = for ^ = 1 , 2, • ■ • , «!„ . If the given 
idempotent system contains but one idempotent number I belonging to IS ( iJ'; ei, ez, • ••, e„ ) , 
where iJ' contains B ( yyi, ) and A belongs to IS ( iJ' ; f j , Pj > ' ' ■ > ^n) , ( X ) = X" [ 0, ( A ) ] "i , 
where ^i{^) is irreducible with respect to JJ'; and, therefore, if m„ is the highest degree of 
S2j ( X ) for any number A of the system, the condition necessary and sufficient that A shall be 
nilpotent is 8A'' = forp = 1, 2, ■ • ■, m^. 
Am. Trans. Math. Soc. 36 
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that is, 

{IAy-'N'= -p{IAy-'; 
whence follows 

(- /3)"''(/-4)"-' = {-p y"'-\iAy-'N' = ... = -p{iAy-'N""~' 

= (Z4y'-W""' = 0; 
and, thus, p = . Therefore, also for /> > 1 

8AB = pSI=0. 

Whence it follows that AB is nilpotent if A is nilpotent ; and, since 
SB A = SAB, BA is also nilpotent if A is nilpotent. 
If ^^ = 0, >S'^=0, then 

S{A + B)= SA + SB = 0; 

and, therefore, the sum of two nilpotent numbers is nilpotent. 
Let A and B be any two numbers of the system. Since 

S{SI-A- SA-I)= SA-SI- SA-SI=0, 

and, therefore, SI- A — SA lis nilpotent, by what precedes, 

SI- SAB -SA-SB= SI- SAB - SA - SIB = S{SI-A- SA-I)B = 0, 

that is, 

(72) SI- SAB= SA- SB . 

Let 

]V" = {A-aiy=0. 

Then, if ^^ 4= , and thus a + 0, 

_/+(_l)..(|y7=/; 

and, therefore, if 

we have 

(74) A''Ar=I=AA'». 

If A belongs to K (B' ; e^ e^, ■ • •, e,J, where B' contains B (7,^,,), then JY 
belongs to this domain and a is rational in B' by theorem (5) ; and, therefore, 
in this case, A'-^^ belongs to S (i?' ;• Cj, 63, • • •, e_). 

By theorem (6) the number system contains n — 1 independent nilpotent 
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numbers which belong to E(i?'; e^, e^, ■ ■ ■ , e^), where H' contains ^(7..,^. 
The system cannot contain 7i independent nilpotent numbers A^, A^, • • ■, A^. 
For, we should then have 

/= c. A, + c„A^ -i- ■ ■ ■ + c A ; 
and, therefore 

SI= c, SA^ + c.^SA^ + -.- + c , ^^„ = , 

which is impossible.* We may take as units of our system e'^ = I and any n — 1 
independent nilpotent numbers ej , e^ , • ■ • , e'^_^ belonging to K (^' ; e, , e^ , ■ • • , e^J. 
The numbers e[, e'^, • • ■ , e'^^_^ form a nilpotent system by themselves. For, let 

<ej = %ji< + 70-2^2 + • • • + 7-,-„-,<-i + 7-y„< (i,i = l, 2, ■ • •, »-l ). 
Then, by (72), 

1 

^^ ^j 'S'e; ■ /^e; = Se'.e'. = '^y',.^Sel=:y..,^SI (i,j=.i,2, ■■.,n-i); 

and, therefore, 

7,y„=0 (j,i = l, 2, •■•,»). 

Moreover, since Se'. = for i = l,2,---,w— 1, the system ej , e^ , • • ■ , e,'_j 
is nilpotent. 

By theorem (11) we may substitute for the units of this nilpotent subsystem 
n — 1 units e'j' ,62, • • ■ , e"^_^ such that 

7S-1 

<^'i<'',' = St',';/ el' (», J=l, 2, •■•, » — 1; /i>i; A>./). 

We have now the following theorem, the latter part of which includes theorem 
IV of the Introduction. 

Theorem 12. JJet the hypercomplex number system e, , e^, ■■■1 e„ contain 
one and only one idempotent numher I; and let A he any number of the sys- 
tem. Then lA = AI; and the condition necessary and sufficient that A shall 
be nilpotent is SA = . If S is any second number of the system, we have 

8ISAB= SA-SB. 

Furthermore, the sum of tioo nilpotent numbers is nilpotent, and any product 
is 7iilpotent of which one factor is nilpotent.f Finally, if R' denotes the 



*This suffices to demonstrate the theorem proved in the next paragraph. For let 
A-^, Ai, • ■ ■ , A„-i be any n — 1 independent nilpotent numbers of the system. Then, since 
.4,- Jj ( l = i =» — 1, l = i = » — 1 ) is nilpotent, it is linear in A^, A^, • • ■, An-i ; otherwise, 
there are n independent nilpotent numbers in the system. 

t For any given hypercomplex number system containing but one idempotent number belong- 
ing to a {B' ; ei, e-i, ■ • •, e„), where B' contains B{yijk), it is also true, for numbers belong- 
ing to this hypercomplex domain, that both the sum of two nilpotent numbers, and any product 
of which one factor is nilpotent, are nilpotent. 
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domain of rationality of any aggregate of scalars including the constants 
7;.,^ of multiplication of the system, there are systems of just n — 1 independent 
nilpotent numbers belonging to K (-/?'/ Cj, e^, • • •, e^Jy and by a transforma- 
tion rational in M' we may substitute nev} units e'^ = /, and n — 1 nilpo- 
tent numbers e[, e',, ■ • • , e'_j such that 

M-I 

e'-e' = Y^y'i,-i,el {i,j = l,2,---,n~l;h>i;h>j), 

k=h 

e', e. = ej = 6; e,'_ ( i = l , 2, •••,«) , 

the nilpotent numbers e[, e.', , ■•■, e^_j thus forming a nilpiotent subsystem. 

It follows as a corollary of this theorem that, in a number system regular with 
respect to an idempotent number / and containing no second idempotent num- 
ber in the first group, no product of a number in the second group as facient 
and a number in the third group as faciend can contain a term involving / unless 
the fourth group contains one or more indempotent numbers. 

Clark University, 
WoECESTBK, Mass. 



